We use reproducing kernel Hilbert spaces to give the best approximation for Laguerretype Weierstrass transform. Estimates of extremal functions are also discussed.
Introduction
We consider the partial differential operators D 1 For α = n − 1, n ∈ N\{0}, the operator D 2 is the radial part of the sub-Laplacian on the Heisenberg group H n (see [2, 4] ).
These operators have gained considerable interest in various fields of mathematics (see [1, 4] ). They give rise to generalizations of many two-variable analytic structures like the Laguerre-Fourier transform Ᏺ L , the Laguerre-convolution product, the dispersion and the Gaussian distributions (see [1, 2, 4] ).
In this paper, we consider the Laguerre-type Weierstrass transform L r associated with D 1 and D 2 :
L r f (x,t) := K E r (x,t),(y,s) f (y,−s)dm α (y,s), (1.2) where E r , r > 0, is the generalized heat kernel given by Definition 2.8 later on and m α is the measure defined on K by dm α (y,s) := 1 πΓ(α + 1) y 2α+1 dy ds. Let L 2 α (K) be the space of square integrable functions on K with respect to the measure m α and let ·, · 2,mα be its inner product. For ν ∈ R, we consider the space H ν α (K) of functions f in L 2 α (K), such that the function [1 + λ 2 (1 + m 2 )] ν/2 Ᏺ L ( f ) is square integrable on Γ = R × N with respect to some measure γ α , defined later in Section 2.
The space H ν α (K) is a Hilbert space with the inner product
For µ > 0, by introducing the inner product
we construct the Hilbert space H µ (K) comprising elements of H ν α (K) . Next, we exhibit explicit reproducing kernels for H ν α (K) and H µ (K). After that, we provide an explicit solution of the following problem. Given a function g in L 2 α (K). Let ν > (α + 2)/2 and µ > 0, we prove that the infimum of {µ f
} is attained at some function denoted by f * µ,g , which is unique, called the extremal function. We also establish the estimate of the extremal function f * µ,g , that is,
when f ∈ H ν α (K) and g = L r f . In the classical case [3, 6] , the authors obtain analogous results by using the theory of reproducing kernels from the ideas of best approximations. Also the authors illustrated their numerical experiments by using computers.
The reproducing kernels
We begin this section by recalling some results about harmonic analysis associated with the differential operators D 1 and D 2 . Next we exhibit the reproducing kernels of some Hilbert spaces associated to these operators. Notations 2.1. We denote the following.
(
, is the space of measurable functions f on K, such that
where m α is the measure given by (1.3).
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, is the space of measurable functions g on Γ, such that
where γ α is the positive measure defined on Γ by
m is the Laguerre polynomial of degree m and order α. 
The function ϕ λ,m gives rise to an integral transform, called the Fourier-Laguerre transform on K, which is studied in [2, 4] .
From Proposition 2.2(ii), the integral makes sense. The Fourier-Laguerre transform satisfies the following properties [2, 4] .
Notations 2.5. We denote the following.
The space H ν α (K) provided with the inner product
is a Hilbert space.
and from Proposition 2.2(ii),
Then from the dominated convergence theorem, α [(x,t),(y,s)] is given by
and (y,s)∈K. From (2.11) and (2.15) and Theorem 2.4(ii), we have
The assertion (ii) follows by the density of
Here and in what follows,
(2.25) 
The generalized heat kernel E r is given by
Proposition 2.9. Let (x,t),(y,s) ∈ K, and r > 0. Then, the following exist.
(i) The function Ᏹ r solves the generalized heat equation
where ∆ L is the operator given by (1.4) .
Proof. The assertion (i) follows from Definition 2.8 and Proposition 2.2(i) by applying derivation theorem under the integral sign.
(ii), (iii), and (iv) will be easily proved.
Definition 2.10. The Laguerre-type Weierstrass transform is the integral operator given 
Proof. (i) Let (y,s) ∈ K. In the same way as in the proof of Proposition 2.6(i), we can prove that the function (x,t) → K µ [(x,t),(y,s)] belongs to L 2 α (K) and we have
On the other hand, since for (λ,m) ∈ Γ, where
From (2.38), we have
(2.43) From (2.39), (2.38), and Theorem 2.4(i), we have
The relation (2.41) and Theorem 2.4(ii) imply that
The assertion (ii) follows also from the density of
Extremal function for Laguerre-type Weierstrass transform
In this section, we prove for a given function g ∈ L 2 α (K) that the infimum of {µ f
} is attained at some function denoted by f * µ,g , which is unique, called the extremal function. We start with the following fundamental theorem (see [3, 6, 7] ). 
Then, the following hold. (i) H Kµ is the Hilbert space with the reproducing kernel K µ (p, q) on E and satisfying the equation
The main result of this paragraph can be stated now.
α (K) and for any µ > 0, the infimum
is attained by a unique function f * µ,g = f * µ,ν,g and this extremal function is given by
where
Proof. By Proposition 2.13 and Theorem 3.1(ii), the infimum given by (3.5) is attained by a unique function f * µ,g , and from (3.4), the extremal function f * µ,g is represented by
where K µ is the kernel given by Proposition 2.13.
and by (2.38), we obtain 
(3.12)
Proof. Applying Hölder's inequality to relation (3.6), we obtain On the other hand from Theorem 2.4(i), we have Then the inequality (x + y) 2 ≥ 4xy yields
From this inequality and (3.14), we deduce the result.
Proof. From (3.6) and Fubini's theorem, we have for (λ,m) ∈ Γ,
(3.20)
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Using the inequality (x + y) 2 ≥ 4xy, we obtain
Thus, and from Theorem 2.4(i), we obtain
which gives the desired result.
Proof. From (3.20), we have
(3.26)
Then we obtain 
we obtain the result from the dominated convergence theorem.
Mathematical Problems in Engineering
Special Issue on Time-Dependent Billiards
Call for Papers
This subject has been extensively studied in the past years for one-, two-, and three-dimensional space. Additionally, such dynamical systems can exhibit a very important and still unexplained phenomenon, called as the Fermi acceleration phenomenon. Basically, the phenomenon of Fermi acceleration (FA) is a process in which a classical particle can acquire unbounded energy from collisions with a heavy moving wall. This phenomenon was originally proposed by Enrico Fermi in 1949 as a possible explanation of the origin of the large energies of the cosmic particles. His original model was then modified and considered under different approaches and using many versions. Moreover, applications of FA have been of a large broad interest in many different fields of science including plasma physics, astrophysics, atomic physics, optics, and time-dependent billiard problems and they are useful for controlling chaos in Engineering and dynamical systems exhibiting chaos (both conservative and dissipative chaos). We intend to publish in this special issue papers reporting research on time-dependent billiards. The topic includes both conservative and dissipative dynamics. Papers discussing dynamical properties, statistical and mathematical results, stability investigation of the phase space structure, the phenomenon of Fermi acceleration, conditions for having suppression of Fermi acceleration, and computational and numerical methods for exploring these structures and applications are welcome.
To be acceptable for publication in the special issue of Mathematical Problems in Engineering, papers must make significant, original, and correct contributions to one or more of the topics above mentioned. Mathematical papers regarding the topics above are also welcome.
Authors should follow the Mathematical Problems in Engineering manuscript format described at http://www .hindawi.com/journals/mpe/. Prospective authors should submit an electronic copy of their complete manuscript through the journal Manuscript Tracking System at http:// mts.hindawi.com/ according to the following timetable:
Manuscript Due December 1, 2008
First Round of Reviews March 1, 2009 
